In this paper, a time variable cosmological constant (CC) from renormalization group equations (RGEs) is explored, where the renormalization scale µ 
I. INTRODUCTION
Cosmological constant (CC) is a long standing issue in cosmology and physics. It was first introduced by Einstein to realize a static universe about a century ago. However, it was found that this space-time was unstable and not consistent with observed cosmological expansion. Recently, CC returns to cosmology as a natural candidate to dark energy to explain recent cosmic observation that our universe is undergoing an accelerated expansion firstly deduced from observational results of type Ia supernovae [1, 2] . In the context of quantum field theory (QFT), CC has relations with the vacuum or zero point energy density of quantum fields, via
where Λ ≫ m is a UV cut-off. To balance an assumed UV cut-off Λ and the observational smallness of CC, tremendous fine tuning is required. This is the so-called cosmological constant problem [3] . As known, renormalization in QFT can handle the infinities, and a dependence of the renormalized constants on some energy scale µ is leaded. This renormalized scale is usually identified with external momentum or characteristic scale of the environment. QFT in curved space-time leads to an infinite effective action or vacuum expectation values (VEV) of the energymomentum tensors of the fields. A renormalization treatment can yield a scale-dependent or running CC and a running Newton constant. Though, the absolute values can not be calculated, the change with respect to the renormalization scale can be calculated via RGEs originating in QFT [4] and quantum gravity [5] . In the cosmological context, it is reasonable to identify the renormalization scale with some characteristic scales of cosmology. The related investigation can be found in [6] , where the renormalization scale µ was given by the Hubble scale H, the inverse radius R −1 of the cosmological event horizon and the inverse radius T −1 of the particle horizon. A scaling law having decoupling behavior at low energy in [6] (which was extensively studied in [4] ) was explored where the corresponding β-function for Λ is
where A ∼ ±M 2 is determined by the masses M and the spins of the fields. Assuming constant masses and µ 0 ∼ H 0 , one has [6] 
where
Then L 0 ∼ 1 as a model parameter can be teste by cosmic observations. Obviously, when L 0 = 1, the CC becomes scale independent and a real CC is recovered.
Another consideration of time variable CC can be found in [7, 8, 9, 10, 11] . Following the work [6] , we are going to take R −2
2 , −Ḣ) as a possible candidate to a renormalization scale to investigate the evolution of our universe in this work when the Newton constant is fixed. Though, the reports of [12] have shown that the cosmology is not a RG flow where RG was checked by a massless, minimally coupled scalar with a quartic selfinteraction on a nondynamical, locally de Sitter background. But it does not preclude using the RG conventionally to relate quantities at different constant scales. So, R −2 CC can potentially be used as a renormalization scale. Here, R −2
2 , −Ḣ) is the causal connection scale for spacially flat universe [13] . That was investigated in the context of holographic dark energy [13] and Ricci dark energy [14, 15] . Furthermore, it was found that only the case where R −2
CC =Ḣ + 2H
2 as an IR cut-off was consistent with the current cosmological observations when the vacuum density appears as an independently conserved energy component [13] . However, when a time variable CC is considered these two cases must be checked over again for its coupling with cold dark matter. It is just the case that will be explored in this paper.
This paper is structured as follows. In Section II, we give a brief review of time variable CC. We will discuss the evolution of time variable CC and derive the cosmological parameters in Section III. Cosmic observational constraints are implemented in Section IV. Section V are conclusions.
II. TIME VARIABLE CC
The Einstein equation with a cosmological constant is written as
where T µν is the energy-momentum tensor of ordinary matter and radiation. From the Bianchi identity, one has the conservation of the energy-momentum tensor ∇ µ T µν = 0, it follows necessarily that Λ is a constant. To have a time variable cosmological constant Λ = Λ(t), one can move the cosmological constant to the right hand side of Eq. (4) and takeT µν = T µν − Λ(t) 8πG g µν as the total energy-momentum tensor. Once again to preserve the Bianchi identity or local energy-momentum conservation law, ∇ µT µν = 0, one has, in a spacially flat FRW universe,
where ρ Λ = M 2 P Λ(t) is the energy density of time variable cosmological constant and its equation of state is w Λ = −1, and w m is the equation of state of ordinary matter, for dark matter w m = 0. It is natural to consider interactions between variable cosmological constant and dark matter [8] , as seen from Eq. (5). After introducing an interaction term Q, one hasρ
and the total energy-momentum conservation equatioṅ
For a time variable cosmological constant, the equality ρ Λ + p Λ = 0 still holds. Immediately, one has the interaction term Q = −ρ Λ which is different from the interactions between dark matter and dark energy considered in the literatures [16] where a general interacting form Q = 3b 2 H (ρ m + ρ Λ ) is put by hand. With observation to Eq. (7), the interaction term Q can be moved to the left hand side of the equation, and one has the effective pressure of the time variable cosmological constant-dark energẏ
is the effective dark energy pressure. Also, one can define the effective equation of state of dark energy, (for other definition, please see [17] ),
The Friedmann equation as usual can be written as, in a spacially flat FRW universe,
III. EVOLUTION OF TIME VARIABLE CC AND COSMOLOGICAL PARAMETERS
The time variable CC and G was explored in [6] , where the renormalization scale µ was given by the Hubble scale H, the inverse radius R −1 of the cosmological event horizon and the inverse radius T −1 of the particle horizon. In this paper, we are going to reconsider the time variable CC when R −2
CC . Though the authors of [13] have claimed the case where R −2
CC =Ḣ + 2H 2 as an IR cut-off was consistent with the current cosmological observations when the vacuum density appears as an independently conserved energy component. For the existence of effective interaction between time variable CC and cold dark matter, the two cases must been checked over again. We name the case µ 2 =Ḣ + 2H 2 Model A and
A. Molde A:
In this case, the time variable CC can be written as
From the above equation, it seems the CC behaves quite like Ricci dark energy. But in fact, it is different from that for its effective interaction with cold dark matter. The corresponding vacuum energy density is
). For its interaction between ρ Λ and cold dark matter ρ m , they are not conservative separately. By using the definition of dimensionless density parameters
Then after easy algebra, the conservation Eq. (5) can be rewritten aṡ
From Eq. (13), one has the expression of Ω Λ
where A 0 = Λ 0 M 0 and B 0 = Λ 0 L 0 for convenience. Combining Eq. (15) and Eq. (16), one has
In terms of redshift z, the above Eq. (17) can be rewritten as
which is a dimensionless parameter. The above differential equation has the integration
B. Model B:
As done in III A, one has the expression of Ω Λ and differential equation of H
Also, one can find the Hubble parameter H(z) as a solution of Eq. (22) with respect to redshift z as follows
It is clear that ΛCDM is recovered when C 0 = 0, i.e. L 0 = 1.
C. Discussion
From these Friedmann equations (19) and Eq. (23), one can immediately find out that the first terms of the right hand of the equations behave like cold dark matter for A 0 = 0 and C 0 = 0 respectively, i.e. L 0 = 1. In these cases, the ΛCDM universe are recovered as expected in introduction. These models contain two parameters A 0 (C 0 ) and B ′ 0 which can be determined by cosmic observations. If this model does not badly depart from ΛCDM universe, we can estimate the values of parameters A 0 (C 0 ) and B ′ 0 . It is to say A 0 ∼ 0(C 0 ∼ 0) and B ′ 0 ∼ 3Ω Λ0 ∼ 2.1 which can be tested by cosmic observations. In terms of redshift, the deceleration parameter and effective EoS of CC can be written as
From Eq. (19), one can find two singularity points with parameter values of A 0 = 2 and 3/2 respectively. The same case can be found in Eq. (23) when C 0 = 2. When A 0 = 2, the first term of left hand side of Eq. (17) vanishes. Then one has a constant Hubble parameter H 2 = −1/B 0 . For the positivity of the value of B 0 > 0, it does not describe a physical system. However, for C 0 = 2, one has H 2 = B 0 /3. Then, in this case, a de Sitter or anti de Sitter universe can be obtained. When A 0 = 3/2, one hasḢ = 2B 0 which corresponds to scale factor a(t) ∼ exp(B 0 t 2 ). 
IV. COSMIC OBSERVATIONAL CONSTRAINTS
Now, it is proper to present the constraint results by using cosmic observations: SN Ia, BAO and CMB shift parameter R, for the details please see Appendix A. In this work, 397 SN Ia Constitution dataset, the ratio D V (0.35)/D V (0.2) detected by BAO and CMB R from WMAP5 are used. After the calculation as described in Appendix A, the results are listed in Tab. I. The evolution curves of q(z), w ef f Λ (z) and dimensionless density parameters Ω m (z) and Ω Λ (z) are plotted in Fig. 1 and Fig. 2 . Also, the contour plots of A 0 − B ′ 0 and C 0 − B ′ 0 are shown in Fig. 3 and Fig. 4 . From the left panels of Fig. 1 and Fig. 2 , one can easily find that our universe is undergoing accelerated expansion at late time, and the transition redshift from decelerated expansion to accelerated expansion are z T ∼ 0.762, which are consistent with other analysis results with best fit parameter values. In the early epoch, our universe is dominated by cold dark matter, that can be seen from the left and right panels of Fig. 1 and Fig. 2 where the deceleration parameter is q → 1/2 (dark matter dominated) and Ω m → 1 at high redshift. From the central panels of Fig. 1 and Fig. 2 , one can see the effective EoS of time variable CC is almost constant w ef f Λ (z) ∼ −1. So, the universe is quasi-ΛCDM and it is not necessary to worry about the structure formation of the universe. this time variable CC, the universe is undergoing an accelerated expansion at late time and a decelerated expansion at high redshift. And, the transition redshift from decelerated expansion to accelerated expansion is z T ∼ 0.762 which is consistent with other results. The effective EoS of time variable CC is almost constant w ef f Λ (z) ∼ −1. In early epoch, our universe is dominated by cold dark matter, that can be seen from the left and right panels of Fig. 1 and Fig. 2 where the deceleration parameter is q → 1/2 and Ω m → 1 (dark matter dominated) at high redshift. And the current cold dark matter density ratio is Ω Λ0 ∼ 0.732 which is also compatible with other analysis. So, via RGEs with the renormalization scale µ 2 = R APPENDIX A: COSMIC OBSERVATIONS
SN Ia
We constrain the parameters with the 397 SN Ia Constitution dataset including 397 SN Ia [18] . Constraints from SN Ia can be obtained by fitting the distance modulus µ(z)
where, D L (z) is the Hubble free luminosity distance H 0 d L (z)/c and
where H 0 is the Hubble constant which is denoted in a re-normalized quantity h defined as H 0 = 100h km s
where M is their absolute magnitudes. For SN Ia dataset, the best fit values of parameters in a model can be determined by the likelihood analysis is based on the calculation of
where m 0 ≡ µ 0 + M is a nuisance parameter (containing the absolute magnitude and H 0 ) that we analytically marginalize over [19] ,χ
to obtainχ
The Eq. (A5) has a minimum at the nuisance parameter value m 0 = B/C. Sometimes, the expression
is used instead of Eq. (A7) to perform the likelihood analysis. They are equivalent, when the prior for m 0 is flat, as is implied in (A6), and the errors σ i are model independent, what also is the case here.
To determine the best fit parameters for each model, we minimize χ 2 (p s , B/C) which is equivalent to maximizing the likelihood
BAO
The BAO are detected in the clustering of the combined 2dFGRS and SDSS main galaxy samples, and measure the distance-redshift relation at z = 0.2. BAO in the clustering of the SDSS luminous red galaxies measure the distance-redshift relation at z = 0.35. The observed scale of the BAO calculated from these samples and from the combined sample are jointly analyzed using estimates of the correlated errors, to constrain the form of the distance measure D V (z) [20, 21, 22] 
where D A (z) is the proper (not comoving) angular diameter distance which has the following relation with d L (z)
Matching the BAO to have the same measured scale at all redshifts then gives [22] D 
where the functions g 1 and g 2 are given as 
The 5-year WMAP data of R(z * ) = 1.710 ± 0.019 [25] will be used as constraint from CMB, then the χ 
